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Spherical indentation approach (Lee et al., 2005, 2010) for the evaluation of bulk material properties is
extended to that for elastic–plastic properties of ﬁlm-on-substrate systems. Our interest focuses on single
isotropic, metallic, and elastic–plastic ﬁlm on a substrate, and we do not consider the size effects in plas-
ticity behavior. We ﬁrst determine the optimal data acquisition location, where the strain gradient is the
least and the effect of friction is negligible. Dimensional analysis affords the mapping parameters as func-
tions of normalized indentation variables. An efﬁcient way is further introduced to reduce both the num-
ber of analyses and the regression order of mapping functions. The new numerical approach to the ﬁlm
indentation technique is then proposed by examining the ﬁnite element solutions at the optimal point.
With the new approach, the values of elastic modulus, yield strength, and strain-hardening exponent
of ﬁlm materials are successfully obtained from the spherical indentation tests. We have shown that
the effective property ranges such as indenter properties, substrate modulus, and E/Es ratio can be
extended without additional simulations and even loss of accuracy. For other ranges of variables or other
properties, which are not dealt with in this study, this methodology is applicable through resetting FEA
variables and ﬁnding proper normalized parameters.
 2012 Elsevier Ltd. All rights reserved.1. Introduction
Micro/nano-indentation tests provide us with useful informa-
tion on material characteristics. In the initial stage of this topic,
researchers focused on the evaluation of elastic modulus and hard-
ness (Doerner and Nix, 1986; Pharr et al., 1992; Oliver and Pharr,
1992; Field and Swain, 1993, 1995). As the studies on ﬁlm-on-
substrate structures and their use have been drastically increased,
the necessity for other material properties such as yield strength
has also been increasingly recognized. Lots of studies on these sub-
ject has been thus performed to evaluate yield strength and strain-
hardening exponent including elastic modulus for bulk materials
(Taljat et al., 1998; Dao et al., 2001; Bucaille et al., 2003; Chollacoop
et al., 2003; Cao and Lu, 2004; Lee et al., 2005, 2008, 2010) and
ﬁlm-on-substrate systems (Knapp et al., 1999; Huber et al., 2000;
Muliana et al., 2002; Zhao et al., 2008; Gao et al., 2008; Li et al.,
2009; Liao et al., 2009). However, These studies on ﬁlm property
evaluation have inherent limitation to evaluate material properties
because of (i) deﬁciency in quantitative analysis including enough
variables and parameters to measure the properties, (ii) unsuitabil-
ity of the indenter geometry, such as conical, Vickers and Berkovichll rights reserved.indenters, to evaluate material properties in a single indentation
(Lee et al., 2005, 2010; Chen et al., 2007), and (iii) theoretical limi-
tations of prior studies based on elasticity.
To overcome these kinds of barriers, it is necessary to systemat-
ically study the effects of indentation variables on indentation load-
displacement curve. Especially, there are a lot of variables and
parameters that affect indentation tests, so it is very important to
select mainly important and well-normalized indentation vari-
ables. Moreover, as dual or plural indentation tests are indispensi-
ble for axisymmetric sharp indentation (Cheng and Cheng, 1999;
Bucaille et al., 2003; Chollacoop et al., 2003; Lee et al., 2005,
2008, 2010; Chen et al., 2007; Hyun et al., 2011), spherical indenta-
tion technique is more efﬁcient and practical in use (Lee et al., 2005,
2010) when its difﬁculty in manufacturing is not considered.
The object of this study is to widen the use of our spherical
indentation approach from bulk metallic material (Lee et al.,
2005, 2010) to ﬁlm-on-substrate systems. We assume that the ﬁlm
and substrate do not delaminate and the surface roughness prob-
lem is negligible. Our interest focuses on homogenous, isotropic
and elastic–plastic single ﬁlm on a substrate in a half-space, and
we do not consider the size effects (Fleck and Hutchinson, 1993;
Nix and Geo, 1998; Swadener et al., 2002; Casals and Forest,
2009) in plasticity behavior. It should be noted that the present
work is not conﬁned to thin-ﬁlms. The ﬁlm thickness can be even
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itations of this study for the thin-ﬁlms, but it is useful to directly
apply this approach to isotropic and near isotropic ﬁlm materials
with negligible size effects, and meaningful to qualitatively and
quantitatively analyze the effects of ﬁlm thickness and elastic–
plastic properties of ﬁlm on indentation tests.
In Section 2, we summarize the spherical indentation tech-
niques to evaluate elastic–plastic properties for bulk metallic
materials. In Section 3, we generate ﬁnite element (FE) model for
the analysis of ﬁlm-on-substrate systems, and adjust the FE mesh
to the optimal data acquisition point. In Section 4, a new numerical
approach to the ﬁlm indentation technique is then proposed by
examining the ﬁnite element solutions at the optimal point. To
reduce indentation parameters, we assume the substrate material
is purely elastic, material properties of the indenter are ﬁxed,
and Poisson’s ratio of measured material, m, is also ﬁxed. The ﬁlm
thickness, which is the most important parameter in this study,
moreover, is assumed to be known in advance. These assumptions
seem to be too restricted in use, but some are very reasonable in
actual problems and some can be overcome by using well-normal-
ized parameters. It is discussed in Sections 4 and 5.
2. Summary of the spherical indentation techniques for bulk
metallic materials
Lee et al. (2005, 2010) have attempted to estimate material
properties by shallow (hmax/D = 6%) and deep (hmax/D = 20%) spher-
ical indentation tests, respectively. Lee et al. (2005) selected hmax/
D = 6% indentation depth, corresponding to normalized contact
diameter d/D = 0.5, as a shallow indentation depth. The 6% inden-
tation is the maximum indentation depth up to which load–depth
curve is almost independent of contact friction, but still captures
the characteristics of spherical indentation. This shallow indenta-
tion reduces indentation load and impression size, thus keeps the
indenter from large deformation and allows a relatively small spec-
imen. However, for shallow indentation, dissimilar materials may
produce quite similar load–depth curves. hmax/D = 20% indentation,
although affected by friction, is generally large enough to ensure
the uniqueness of load-displacement curve (Lee et al., 2005,
2010). In this study, developing a single spherical indentation tech-
nique, we deal with deep (hmax/D = 20%) spherical indentation tests
that ensure the uniqueness of properties.
In the numerical approach of Lee et al. (2005) using spherical in-
denter, the optimal data acquisition location is 2r/d = 0.8 and l/
D = 0.1 for hmax/D = 6%, whereas for deep indentation, hmax/
D = 20%, Lee et al. (2010) used 2r/d = 0.8 and l/D = 0.3. Here r is
the projected distance from axisymmetric center after deformation
(Fig. 1); d is the actual contact diameter; l is the distance from
material surface to data acquisition depth (Fig. 1); D is the indenter
diameter; hmax is the maximum indentation depth measured from
the reference surface of the specimen. The projected contact diam-
eter d corresponding to the indentation depth ht, which is mea-
sured from the reference surface, is given by
d ¼ 2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
hD h2
q
¼ 2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c2htD ðc2htÞ2
q
; ð1Þ
where h is the actual contact depth varied by pile-up and sink-in
effect, and c2 is the ratio h to ht, h/ht. Lee et al. (2010) expressed
c2 as a function of material properties and indentation depth ht as
follows:
c2 ¼ f c0 ðeo;n; E=EIÞ þ f c1 ðeo;n; E=EIÞ lnðht=DÞ; ð2Þ
where eo (ro/E) is the yield strain and n the strain-hardening
exponent. They expressed the representative strain and stress at
2r/d = 0.8, l/D = 0.3 as a function of material properties and indenta-
tion depth using Eqs. (3) and (4)ep ¼ f ei ðeo;n; E=EIÞðht=DÞi; i ¼ 0;1;2;3; ð3Þ
w  P
D2r
¼ f wi ðeo;n; E=EIÞðht=DÞi $ r ¼
P
D2w
; i ¼ 0;1;2;3: ð4Þ
From Eq. (4), we can calculate the effective stress r. These stress–
strain data can be regressed by piecewise power law Eq. (5) sug-
gested by Rice and Rosengren (1968),
et
eo
¼
r
ro for r 6 ro;
r
ro
 n
for rP ro:
8<
: ð5Þ
Here, total strain et is decomposed into elastic and plastic strains
(et = ee + ep). Eq. (5) can be revised as
r ¼ ro eteo
 1=n
¼ Ke1=nt ; ð6Þ
where ro is the yield strength and K is the strength coefﬁcient. The
values of n and K are estimated by the regression of stress and strain
data obtained from Eqs. (3) and (4). The elastic stress–strain rela-
tion at the yield point is ro = Eeo, and therefore Eq. (6) reduces to
ro ¼ Ke1=no at the yield point. Using these two relations, we can
extrapolate the value of yield strength as follows (Lee et al., 2005):
ro ¼ ðKn=EÞ1=ðn1Þ ¼ EðK=EÞn=ðn1Þ: ð7Þ3. FE modeling and analysis of spherical indentation tests for
ﬁlm-on-substrate systems
3.1. FE modeling of spherical indentation tests for ﬁlm-on-substrate
systems
Commercial ﬁnite element package, ABAQUS/Standard, is used
for the numerical simulations of spherical indentation as shown
in Fig. 1. Large deformation for isotropic elastic–plastic material
following the J2 ﬂow theory is considered. We use the four-node
axisymmetric element CAX4 (ABAQUS, 2007) considering both
loading and geometric symmetries. Multi-point constraints (MPC,
ABAQUS) option is conveniently used at the transition region
where element size changes. The constrained mid-nodes of MPC,
however, tend to give discrete stress and strain values. Trapezoidal
elements are thus used in the transition region near the contact
surface where the strain and stress values are measured, and MPCs
are adopted in the transition region far from the contact surface
where the stress and strain values are not so critical. FE model
consists of about 16,500 elements and 17,300 nodes. It has been
conﬁrmed that the specimen size used in FE analysis is sufﬁciently
large enough, so the specimen can be assumed to be in a half-
space. Roller boundary conditions are imposed on the nodes on
the axisymmetric axis and bottom of the specimen. The indenter
moves down to penetrate the material up to hmax/D = 0.2. We place
contact surfaces (ABAQUS, 2007) at both material and indenter
surfaces where the minimum element size is 0.0625% of an inden-
ter diameter. To obtain more accurate stress-strain distribution
along the data acquisition line at l/D = 0.2 (see the Fig. 1 and
Section 3.2), we generated very ﬁne mesh along this line. Further,
to get more accurate stress-strain data at initial indentation depth,
ﬁner elements were used near the center of the line.
The indenter material is assumed to be an elastic tungsten car-
bide (WC) of which measured modulus and Poisson’s ratio are
EI = 537 GPa and mI = 0.24, respectively. It is very hard to manufac-
ture almost perfect hemisphere at small scales with relatively hard
materials such as diamond, so WC and other materials can be used
as alternative materials. The validity for other elastically deforming
materials of the indenter is discussed in Sections 4.3 and 4.4.
Fig. 1. 2-Dimensional axisymmetric FE model for simulations of the spherical indentation test.
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elastic modulus Es = 130 GPa and Poisson’s ratio ms = 0.22. Here, the
ﬁlm layer is an elastic–plastic material, and the substrate layer is
assumed as elastic material such as silicon and ceramics. Although
the substrate should be an elastic–plastic material, we ignore the
plastic deformation of substrate. This assumption is reasonable
when the indentation depth is relatively shallow compared with
the ﬁlm thickness and the substrate is sufﬁciently hard material.
Note that the stress concentration of spherical indention on the
substrate is also relatively smaller than that of sharp indentation.
Because the modulus of ﬁlm E is normalized by Es in the present
work, our formulations can be valid for other properties of sub-
strate with reasonable variation. The validity for other materials
of the ﬁlm is discussed in Section 4.2 and Appendix C.
The material properties and ﬁlm thickness chosen for this study
are listed in Table 1. The elastic moduli of the ﬁlms vary between
100 and 400 GPa, and 400 GPa can be comparable to the modulus
of the indenter. Note that the hardness is a relative value between
materials. For example, the Brinell hardness tests generally use
steel or tungsten carbide (WC) balls, and the steel balls may not
be so much harder than specimens. Because the indentation test
is an extended method of the hardness test, the relative deforma-
tion of the indenter should be naturally considered. It is therefore
reasonable to assume any materials of which hardnesses and stiff-
nesses are comparable to those of the indenter materials.3.2. Probing spot for equivalent plastic strain
By adopting similar approach to the bulk materials (Lee et al.,
2005, 2010), we investigate the distributions of equivalent plastic
strain along the l direction for the variation of t/D, 2r/d, and friction
coefﬁcient f. Fig. 2 shows distributions of plastic strain with respect
to the variation of friction coefﬁcient along the l direction from theTable 1
The selected material properties and ﬁlm thickness for FEA.
Variables Values used for FEA
Elastic modulus (E) 100, 200, 300, 400 GPa
Poisson’s ratio (m) 0.3
Yield strain (eo) 0.001, 0.002, 0.003, 0.004, 0.006, 0.008, 0.01
Strain-hardening exponent (n) 1.1, 1.5, 2, 2.5, 3, 4, 5, 7, 10, 13, 20, 50
Thickness (t/D) 0.4, 0.6, 0.8, puresurface at 2r/d = 0.8. The frictional effect on the distribution of
plastic strain is severe near the contact surface, but it is drastically
reduced as l/D increases. We propose in the present work a new
probing for equivalent plastic strain that is l/D = 0.2, 2r/d = 0.8.
The reason why we use l/D = 0.2 whereas the optimal point was
l/D = 0.3 for bulk materials (Lee et al., 2010) is to reduce the effect
of substrate properties on the stress-strain distribution and to be
able to use more thin ﬁlm for a given indenter diameter. In addi-
tion, at this point, (i) contact problems and frictional effects can
be negligible, and (ii) strain gradient is gradual. The basis of this
arbitrary selection of optimal point is that the equivalent stress
and strain at any point should be on a uniaxial stress–strain curve
(Lee et al., 2005).4. A numerical approach to spherical indentation techniques for
evaluation of ﬁlm property
4.1. Dimensional analysis of indentation parameters
To evaluate mechanical properties by indentation testing, it is
essential to establish the mapping functions, which map the
load-displacement curve into the stress-strain curve. To ﬁt theFig. 2. Equivalent plastic strain ep versus l/D at 2r/d = 0.8 for four indentation
depths.
Fig. 4. Comparison of the computed ep versus ht /D to those given for the various
values of elastic modulus. Solid lines: FE results; symbols: estimated values.
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indentation load-displacement data, it is necessary to select vari-
ables, such as material properties and ﬁlm thickness, which mainly
affect the relationships. With dimensional analysis for the selected
variables, each numerical formula of c2, ep, w is then expressed by a
function of normalized variables.
The actual contact depth h during loading, including the effects
of pile-up and sink-in, is affected by the variables list in Eq. (8)
h ¼ f hðro;n;ros;ns; E; Es; EI; m; ms; mI; t; ht ;DÞ; ð8Þ
where ro, n, E and m are the yield strength, strain-hardening expo-
nent, elastic modulus, and Poisson’s ratio of the ﬁlm, and ros, ns, Es
and ms are those of the substrate, and EI and mI are the elastic mod-
ulus and Poisson’s ratio of the indenter, respectively. As mentioned
in Sections 1 and 3.1, we assume the substrate material is purely
elastic, material properties of the indenter is ﬁxed as tungsten
carbide, and Poisson’s ratio of material, m, is ﬁxed as 0.3. Eq. (8) is
therefore simpliﬁed by the next equation:
h ¼ f hðro;n; E; Es; t;ht;DÞ: ð9Þ
Compared with Lee et al. (2005)’s work, we additionally consider
the effect of elastic modulus of substrate Es and thickness of ﬁlm
t. The next parameter h/ht is derived from dimensional analysis of
Eq. (9), and deﬁned as c2 (Lee et al., 2005),
h
ht
¼ P1ðeo;n; E=Es; t=D; ht=DÞ  c2: ð10Þ
As it is almost impossible to accurately measure the contact diam-
eter in nanoindentation during loading, we use Eq. (1) to get the
diameter where c2 can be estimated from the numerical formula,
Eq. (10). It should be noted that the contact diameter is used to cal-
culate the elastic modulus only.
The representative (or effective) plastic strain is also expressed
as follows,
ep ¼ f eðro;n; E; Es; t;ht;DÞ: ð11Þ
Using the dimensional analysis, Eq. (11) can be expressed by the
next equation:Fig. 3. Regression curves of (a) c2, (b) equivalent plastic strain ep, anep ¼ P2ðeo;n; E=Es; t=D; ht=DÞ: ð12Þ
Then, in the same manner, the representative (or effective) stress
can also be expressed by the following equations:
P ¼ f Pðro;n; E; Es; t;ht;DÞ; ð13Þ
P
D2r
¼ P3ðeo;n; E=Es; t=D;ht=DÞ  w: ð14Þ4.2. Numerical formulae of indentation variables
In order to obtain the relationships between three normalized
parameters (c2, ep and w) and indentation load-displacement data,
we should select four variables eo, n, E/Es, and t/D in FEA. As listed
in Table 1, 1344 (E: 4  eo: 7  n: 12  t: 4) cases of FEA are needed
to generate function for each normalized parameter, but it requires
too much analysis time and post-processing work, so it is notd (c) constraint factor w with respect to for various values of n.
Fig. 5. The relationship between the ep-correction factor ne and E/Es for the variation of (a) eo, (b) n and (c) t/D.
Table 2
Comparison of computed ep-correction factor ne to those given.
t/D eo n E (GPa) ne
Given Computed Error (%)
0.4 0.001 7 100 1.0161 1.0121 0.4
200 1.0000 1.0003 0.0
400 0.9685 0.9766 0.8
13 100 1.0201 1.0151 0.5
200 1.0000 1.0038 0.4
400 0.9760 0.9810 0.5
0.003 7 100 1.0531 1.0368 1.5
200 1.0000 1.0056 0.6
400 0.9393 0.9434 1.8
13 100 1.0358 1.0242 1.1
200 1.0000 1.0007 0.1
400 0.9433 0.9538 1.3
0.8 0.001 7 100 1.0123 1.0160 0.4
200 1.0000 1.0001 0.0
400 0.9767 0.9683 0.9
13 100 1.0177 1.0178 0.0
200 1.0000 1.0034 0.3
400 0.9823 0.9746 0.8
0.003 7 100 1.0405 1.0509 1.0
200 1.0000 1.0033 0.3
400 0.9153 0.9080 1.9
13 100 1.0247 1.0365 1.2
200 1.0000 0.9988 0.1
400 0.9341 0.9235 1.2
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200 GPa, and then introduce correction coefﬁcients to reduce the
cases for other moduli.
Fig. 3 shows the relationships between three variables c2, ep, w
and the normalized indentation depth ht/D where t/D = 0.4 and
eo = 0.002 for 12 values of strain-hardening exponent. As shown
in the ﬁgure, it can be conﬁrmed that FE data (symbol) are in good
agreement with their regression curves. In the same manner, yield
strain is then varied whereas t/D is still ﬁxed, and double polyno-
mial functions of strain-hardening exponent and yield strain
are obtained (Lee et al., 2005, 2010). Finally, triple polynomial
functions of strain-hardening exponent, yield strain, and t/D areproduced by varying t/D. For materials with E = 200 GPa, the triple
polynomial functions are formed as summarized in Appendix A.
As mentioned above, it is impractical and tedious to generate
fully-covered quadruple polynomial functions including the fourth
variable E/Es. We therefore adopt a more efﬁcient technique to con-
sider the effect of elastic modulus E. We investigate the effect of E
on the parameters w, ep, and c2. The effect of E on ep–(ht/D) curve is
shown in Fig. 4 (solid lines). The gaps between lines are almost
constant, which means E/Es (=the ratio of the elastic modulus of
ﬁlm to that of substrate) has certain relations with variation of
ep–(ht/D) curve. Utilizing the characteristics, we suggest a numeri-
cal approach to property evaluation in an efﬁcient way as follows.
Fig. 6. The relationship between the correction factor j and the D/t for the variation of (a) eo, (b) n and (c) E/Es.
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estimate ep–(ht/D) curve by using the ratios and the reference curve
for E = 200 GPa. In order to estimate normalized parameters for
other E from the reference value E/Es = 200/130, we deﬁne the
correction factors, nc, ne, nw, as follows,
nc  c2=c2jE=Es¼200=130; ð15Þ
ne  ep=epjE=Es¼200=130; ð16Þ
nw  w=wjE=Es¼200=130: ð17Þ
Fig. 5 shows the relation between ne and E/Es of ﬁlms for various val-
ues of eo, n and t/D. In FEA, four yield strains (0.001, 0.002, 0.003,
and 0.004), three strain-hardening exponents (5, 7, and 13), and
three thicknesses (0.4, 0.8, and homogeneous) for each elastic mod-
ulus are used. At the maximum indentation depth (hmax/D = 0.2),
the relation between ne and E/Es is conﬁrmed to be almost linear
regardless of other indentation variables (eo, n, t /D). Therefore,
we predict material properties for other E when the both reference
data for E/Es = 200/130 and the correction factors as a function of
material properties are given. The correction factors have values
between about 0.9 and 1.1. The regression functions for correction
factors are given in Appendix B. By multiplying c2, ep and w for E/
Es = 200/130 with corresponding correction factors, we can obtain
the ﬁnal forms for the three normalized parameters as follows,
c2 ¼ nc  c2jE=Es¼200=130; ð18Þ
ep ¼ ne  epjE=Es¼200=130; ð19Þ
w ¼ nw  wjE=Es¼200=130: ð20Þ
Table 2 compares the values from FEA with the estimated correction
factor ne. The small error shows the accuracy of regression.
We demonstrated that the correction factors (nc,ne,nw) have a
linear variation with E of ﬁlms regardless of other indentation
variables (eo,n, t/D). Moreover, dimensional analysis in Appendix
C shows that the relation between n and E/Es is almost linearregardless of Es value, which means the equations are valid even
for other values of Es. Note that even though the E/Es values are
much smaller than 1, which means very soft ﬁlm on hard substrate
is assumed, our approach is still applicable.
4.3. Numerical formulae of correction factor for elastic modulus
evaluation
Doerner and Nix (1986) and Pharr et al. (1992) have evaluated
elastic modulus by using the unloading slope of load-displacement
curve based on the Sneddon (1965)’s solutions. For elastic–plastic
materials, Lee et al. (2005, 2010) have modiﬁed Pharr’s solution
by introducing correction factor j as follows,
E ¼ 1 m
2
d=ðjSÞ  ð1 m2I Þ=EI
: ð21Þ
We estimate contact diameter d from Eqs. (1) and (18) and measure
initial unloading slop S, and then calculate elastic modulus with j
corresponding given parameters. We can generate the following ﬁt-
ting function of j from FEA,
j ¼ f ji ðeo;n; t=DÞ
E
Es
 i
; ð22Þ
f ji ðeo;n; t=DÞ ¼ ajij ðeo;nÞðt=DÞj;
ajij ðeo;nÞ ¼ bjijkðeoÞnk; bjijkðeoÞ ¼ cjijklelo;
i ¼ 0;1;2 j ¼ 0;1;2 k ¼ 0;1 l ¼ 0;1:
In Eq. (22), j was obtained with a tungsten-carbide (WC) indenter
in FEA. However, although we may use a diamond indenter and
the same j value, we can hold similar accuracy in evaluated prop-
erties as long as the properties of diamond are replaced in Eq. (21).
This will be proven in Section 4.5.
4.4. The effect of ﬁlm thickness on the evaluated elastic modulus
In the present work, we evaluate the material properties of ﬁlm
irrespective of ﬁlm thickness as long as t/DP 0.4. Nevertheless, it
Fig. 7. Flow chart for the determination of material properties of the ﬁlm.
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effect of the substrate on the measurement, at the ﬁxed ratio of
the indentation depth to the diameter of the indenter, hmax/
D = 20%. Li et al. (2009) have analyzed the effect of ﬁlm thickness
on the evaluated elastic modulus for elastically anisotropic ﬁlm-
on-substrate system. Fused silica was chosen for the substrate
material, and copper and nickel single crystals were chosen for
the ﬁlm material in their study. When both ﬁlm and substrate
deform elastically, they have shown that the cutoff ratio of inden-
tation depth to ﬁlm thickness, hmax/t, should be around 4% for Ber-
kovich indenter (t/a  15 where a is the contact radius), whichmeans the empirical rule (hmax/t  10%) is overestimated. It should
also be noted that the cutoff ratio depends on the relative proper-
ties between ﬁlm and substrate materials. For spherical indenta-
tion, it can be more complicated because the cutoff ratio can also
be a function of the ratio of indentation depth to indenter diameter
(hmax/D). To simplify the problem, the measured contact diameter
d and other properties are assumed to be known, and the effects of
material properties and ﬁlm thickness on the evaluation of elastic
modulus are investigated. The simplest way for this is to plot the
correction factor j along the t/D for various material properties,
as shown in Fig. 6. From this ﬁgure, it can be found that the
Fig. 8. Comparison of computed stress–strain curves to those given.
1040 J.H. Lee et al. / International Journal of Solids and Structures 49 (2012) 1033–1043correction factor j is sensitive to the ratio of t/D although t/D
approaches inﬁnity. Li et al. (2009) have mentioned that when
hmax/t = 10%, the expected modulus for copper on fused silica is
about 10% less than that of bulk copper. For elastic ﬁlm-on-sub-
strate system, t/a  5.6 when 10% cutoff ratio is applied to the
70.3o conical indentation. Because h/ht = 1/2 (Hill et al., 1989)
and a ’
ﬃﬃﬃﬃﬃﬃ
hD
p
for spherical indentation, t2/(hmaxD)  16. Whenhmax/D = 20%, t/D  2 and hmax/t  10% for spherical indentation,
too. In Fig. 6, the differences of the correction factor j between
D/t  0.5 and 0 are up to 6-7% for the plastically deformed ﬁlms,
and the gap varies with the material properties. It should be noted
that other material properties are affected by the expected elastic
modulus, so the errors of other expected material properties such
as yield strength and strain-hardening exponent are ampliﬁed.
Table 3
Comparison of computed material property values to those given.
t/D Given properties Computed properties
ro/E (MPa/GPa) n ro/E (MPa/GPa) Error (%) n Error (%)
0.4 200/100 7 218/ 99 9.0/1.0 7.8 11
400/200 7 388/202 3.0/1.0 6.7 4.1
800/400 7 755/411 5.6/3.3 6.2 11
0.6 200/100 7 206/99 3.0/1.0 7.3 3.6
400/200 7 387/204 3.3/2.0 6.7 4.4
800/400 7 782/419 2.3/4.8 6.6 5.8
0.8 200/100 7 202/ 99 1.0/1.0 7.1 0.7
400/200 7 392/200 2.0/0.0 6.8 3.6
800/400 7 757/405 5.4/1.3 6.3 10
Homogeneous 200/100 7 205/100 2.5/0.0 7.2 3.4
400/200 7 387/200 3.3/0.0 6.6 5.1
800/400 7 742/403 7.3/0.8 5.9 15
0.4 400/200 7 388/202 3.0/1.0 6.7 4.1
400/200 10 397/199 0.8/0.5 9.7 2.6
400/200 13 401/195 0.3/2.5 13 0.8
0.6 400/200 7 387/204 3.3/2.0 6.7 4.4
400/200 10 396/200 1.6/0.0 9.7 3.0
400/200 13 397/201 0.8/0.5 13 3.3
0.8 400/200 7 392/200 2.0/0.0 6.8 3.5
400/200 10 395/199 1.3/0.5 9.6 4.0
400/200 13 498/197 0.5/1.5 13 2.9
Homogeneous 400/200 7 387/200 3.3/0.0 6.6 5.1
400/200 10 391/200 2.3/0.0 9.4 6.1
400/200 13 394/199 1.5/0.5 12 5.9
Table 4
Comparison of computed material property values to those given for two indenter materials.
Indenter Given properties Computed properties
ro/E (MPa/GPa) n ro/E (MPa/GPa) Error (%) n Error (%)
WC 400/200 5 401/213 0.4/6.5 4.8 3.9
7 388/202 3.0/1.0 6.7 4.1
10 397/199 0.8/0.5 9.7 2.6
13 401/195 0.3/2.5 13 0.8
Diamond 400/200 5 410/197 2.4/1.4 4.9 2.8
7 406/196 1.4/1.9 6.7 4.1
10 404/197 0.9/1.7 9.5 5.1
13 404/196 1.0/2.0 12.4 4.7
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material properties can include considerable amounts of errors
when we simply use 10% cutoff rule.4.5. Evaluation of elastic–plastic properties of ﬁlm-on-substrate
systems
A program for evaluation of ﬁlm properties using the above
functions has been developed, and its ﬂowchart is shown in
Fig. 7. Load-displacement curve generated from FE analysis for
hmax/D = 20% and ﬁlm thickness t are fed into the property evalua-
tion program as input data. n and eo values are initially assumed,
and then the relationships between load-displacement data and
indentation parameters (c2, ep, and w) are obtained from Eqs. 18,
19, 20, and (22). Regression of stress-strain relation obtained from
the functions produces updated material properties, n and eo.
These updated properties are then compared with the previously
estimated ones. The process is repeated until the updated proper-
ties converge within tolerance.
The solid lines in Fig. 8 are material stress-strain curves used for
FEA input data, and the gray circles are the predicted stress-strain
values. Table 3 compares the given and estimated material proper-
ties and their errors. The average errors of estimated material
properties are 3% for elastic modulus, 5% for yield strength, and8% for strain-hardening exponent. The maximum errors of esti-
mated material properties for reference modulus E = 200 GPa are
3%, 5% and 6% for elastic modulus, yield strength and strain-hard-
ening exponent, respectively, so it guarantees high accuracy
whereas those for E = 100 and 300 GPa are 7%, 10% and 12% for
elastic modulus, yield strength and strain-hardening exponent,
respectively.
To verify the effect of the material properties of the indenter, we
performed FEA using a diamond indenter of which material prop-
erties are EI = 1000 GPa and mI = 0.07. The load-depth curve
obtained with the diamond indenter was input into the property
evaluation program, and the properties of WC indenter were
replaced those of diamond indenter, simultaneously. Table 4 com-
pares the computed material properties for the two indenters,
which indicates that the developed property evaluation program
is valid irrespective of the material properties of the indenter.
5. Concluding remarks
In this study, Spherical indentation approach to evaluation of
mechanical properties of materials (Lee et al., 2005, 2010) was ex-
tended to that for ﬁlmmaterial properties in ﬁlm-on-substrate sys-
tems. This indentation approach can be applied not only to ﬁlm but
also to bulk material property evaluation. With this new approach,
we obtain elastic modulus, yield strength, and strain-hardening
1042 J.H. Lee et al. / International Journal of Solids and Structures 49 (2012) 1033–1043exponent of ﬁlm material from the spherical indentation load-dis-
placement curve.
To reduce the cases of FEA in this study, we set the reference
elastic modulus of ﬁlm as 200 GPa, and then introduced correction
coefﬁcients for other moduli, which can make somewhat large
errors in a case of large difference between reference and mea-
sured moduli. However, estimated errors are generally in a range
that can be used for engineering purpose, and the accuracy can
be improved through additional FEA.
We assumed the substrate material is purely elastic, material
properties of the indenter is ﬁxed, and Poisson’s ratio of measured
material, m, is also ﬁxed as 0.3, and ﬁlm thickness, moreover, is
assumed to be known in advance. In Section 4, we explained that
some variables such as indenter properties, substrate modulus,
and E/Es ratio can be ﬂexible without loss of accuracy. In addition,
these kinds of predeﬁned parameters can also be effectively quan-
tiﬁed and extended through additional FEA, ﬁnding proper normal-
ized parameters such as Dundurs parameters (Lee and Gao, 2011),
and developing new method with spherical and sharp indenters if
necessary. For example, when elastic–plastic properties of thin-
ﬁlms are needed, to reduce indentation size effects, the ratio t/D
can be smaller than 0.4 which is the lower bound of the variable.
Because the data acquisition location should be in ﬁlm, the optimal
point l/D decreases with t/D. In that case, material properties can
be achieved by using a relatively larger spherical indenter, which
means t/D < 0.4, but still hmax/D = 20%, with new mapping func-
tions obtained from a new FEA set at another data acquisition
point. In that case, however, the effect of the plastic behavior of
substrate on the indentation response might be considered, which
makes the analysis cases considerably increased. Extending our
methodology, in addition to experimental work, would be our fur-
ther study.
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Appendix A. Appendix A Regression functions for the
normalized parameters (c2,ep,w)
The function of c2 (h/ht) for the variation of material properties
is generated in the form of Eq. (A1),
c2jE=Es¼200=130 ¼ f c1 ðeo;n; t=DÞ þ f c2 ðeo;n; t=DÞ ln
ht
D
 
; ðA1Þ
f ci ðeo;n; t=DÞ ¼ acijðeo;nÞðt=DÞj;
acijðeo;nÞ ¼ bcijkðeoÞnk; bcijkðeoÞ ¼ ccijklelo:
c2 is estimated from the ratio of actual contact depth to indentation
depth, and then regressed to the variation of n, eo, t/D. In the same
manner, Eq. (A2), the regression function of effective plastic strain,
is derived as follows,
epjE=Es¼200=130 ¼ f ei ðeo;n; t=DÞ
ht
D
 i
; ðA2Þ
f ei ðeo;n; t=DÞ ¼ aeijðeo;nÞðt=DÞj;
aeijðeo;nÞ ¼ beijkðeoÞnk; beijkðeoÞ ¼ ceijklelo
The representative stress is then expressed by the following
equation:wjE=Es¼200=130 ¼ f wi ðeo;n; t=DÞ
ht
D
 i
; ðA3Þ
f wi ðeo;n; t=DÞ ¼ awij ðeo;nÞðt=DÞj
awij ðeo;nÞ ¼ bwijkðeoÞnk; bwijkðeoÞ ¼ cwijklelo;
i = 0, 1 for c2 i = 0, 1, 2, 3 for ep and w,
j = 0, 1, 2, 3 k = 0, 1, 2, 3, 4 l = 0, 1, 2, 3 for c2, ep and w.
Appendix B. Appendix B Regression functions for the correction
factors
The correction factors at the maximum indentation depth are
deﬁned by the ratio of the normalized parameter for a given mod-
ulus to the normalized parameter for the reference modulus ratio
(E/Es = 200/130). The regression function for nc from FEA according
to the variation of material properties eo, n, E/Es and normalized
thickness t/D is expressed by
nc  pci ðeo;n; t=DÞ
E
Es
 i
; ðB1Þ
pci ðeo;n; t=DÞ ¼ qcijðeo;nÞðt=DÞj;
qcijðeo;nÞ ¼ rcijkðeoÞnk; rcijkðeoÞ ¼ scijklelo:
Based on Fig. 5, the correction factor ne can be expressed as follows,
ne  pei ðeo;n; t=DÞ
E
Es
 i
; ðB2Þ
pei ðeo;n; t=DÞ ¼ qeijðeo;nÞðt=DÞj;
qeijðeo;nÞ ¼ reijkðeoÞnk; reijkðeoÞ ¼ seijklelo:
In the same manner, the regression function for the representative
stress can be expressed by the following equation:
nw  pwi ðeo;n; t=DÞ
E
Es
 i
; ðB3Þ
pwi ðeo;n; t=DÞ ¼ qwij ðeo;nÞðt=DÞj;
qwij ðeo;nÞ ¼ rwijkðeoÞnk; rwijkðeoÞ ¼ swijklelo;
i = 0, 1 j = 0, 1 k = 0, 1, 2 l = 0, 1, 2, 3 for nc, ne and nw.Appendix C. Dimensional analysis of the correction factor
functions
As described in Section 4, the normalized parameters (c2, ep and
w) are expressed by the next equation:
c2 ¼
Y
1
ðeo;n; E=Es; t=D;ht=DÞ; ðC1Þ
ep ¼
Y
2
ðeo;n; E=Es; t=D; ht=DÞ; ðC2Þ
w ¼
Y
3
ðeo;n; E=Es; t=D;ht=DÞ: ðC3Þ
Since the correction factors at the maximum indentation depth are
deﬁned by the ratio of the normalized parameter for a given mod-
ulus to the normalized parameter at the reference modulus ratio
(E/Es = 200/130), the correction factors are expressed as follows,
Fig. C1. c2, ep, and w correction factors versus the elastic modulus ratio for the three
Es values.
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Y
1
ðeo;n; E=Es; t=DÞ; ðC4Þ
ne ¼
Y
2
ðeo;n; E=Es; t=DÞ; ðC5Þ
nw ¼
Y
3
ðeo;n; E=Es; t=DÞ: ðC6Þ
The ratio of the elastic modulus of ﬁlm to that of substrate (E/Es) is
the only indentation variable that is related to the variation of elas-
tic modulus as can be seen Eqs. (C4)–(C6). Fig. C1 shows an almost
linear relation between n and E / Es. Hence, we can recast (C4)–(C6)
as follows,
nc ¼ sc EEs
 Y
1
ðeo;n; t=DÞ; ðC7Þ
ne ¼ se EEs
 Y
2
ðeo;n; t=DÞ; ðC8Þ
nw ¼ sw EEs
 Y
3
ðeo;n; t=DÞ: ðC9ÞReferences
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